Conditions Related toπ1of Projective Curves  by Stevenson, Katherine F
File: DISTIL 219301 . By:CV . Date:18:02:98 . Time:08:14 LOP8M. V8.B. Page 01:01
Codes: 3770 Signs: 2235 . Length: 50 pic 3 pts, 212 mm
Journal of Number Theory  NT2193
Journal of Number Theory 69, 6279 (1998)
Conditions Related to ?1 of Projective Curves
Katherine F. Stevenson*
Department of Mathematics, Mathematics Building 084, University of Maryland,
College Park, Maryland 20742-4015
E-mail: kfsmath.umd.edu
Communicated by Y. Ihara
Received March 12, 1997
INTRODUCTION
This paper concerns fundamental groups of projective curves over an
algebraically closed field k of characteristic p. Although the fundamental
group is known in characteristic 0, much less is understood for genus 2
in characteristyic p>0. Nevertheless, there are several long standing
necessary conditions for a group G to occur as a quotient of ?1 of a curve
D of genus g, or equivalently, for G to lie in the set ?A(D) of isomorphism
classes of finite groups occurring as Galois groups of unramified Galois
covers of D. In addition, in [Sa] and [St] sufficient conditions were found
for certain families of groups to lie in ?A(D). The main result of this paper
finds a family of groups for which we can give both necessary and sufficient
conditions. To do this we combine techniques in formal patching, Galois
modules, and group theory.
More specifically, given a projective curve D of genus g over an algebrai-
cally closed field k, we know that for G to lie in ?A(D) it is necessary
that G have a particular presentation in terms of 2g generators, and also
that the p-rank of its abelianization must be bounded by g (c.f. Conditions
I and II in Section 1). The former condition is implied by a theorem of
Grothendieck, and the latter arises from the HasseWitt invariant of the
curve D. In 1984, Nakajima gave a new necessary condition concerning
generators of groups rings [Na2] (c.f. Condition III in Section 1). In
practice this condition is difficult to check, however the simplicity of its
statement is compelling. In Section 1 of this paper, we focus on these three
necessary conditions and how they evolved. In Section 2, we give several
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many groups ruled out by Nakajima’s condition which are not ruled out
by any combination of the other conditions (see Theorem 2.5).
In Section 3, we consider finite groups G with normal Sylow p-subgroup
P and quotient GP generated by g elements. Here we show that Nakajima’s
condition is not only necessary, but it is also sufficient. An important
step in this result is a group theoretic proposition which allows us to lift
generators from GP to G if G satisfies Nakajima’s condition. In the end of
this section we consider what happens if we drop the condition on the
number of generators of GP. For such groups we have generalizations of
the HasseWitt invariants [Ka, Na1, and Pa], which give us other
necessary conditions for G # ?A(D). We show that for the family of groups
G with normal Sylow p-subgroup P, these imply Nakajima’s condition. The
converse is was shown by Nakajima in the case that GP is cyclic, but it
is not known in general. We suggest a possible approach.
In Section 4 we focus on genus 2 curves. Here, we recall [St, Prop. 5.6]
which gives a family F of groups lying in ?A of almost all curves of
genus 2. The family is defined in terms of generators, relations, and the
additional requirement that a specific subgroup of the group exist as the
Galois group of a tamely ramified cover of the projective line. We use this
to get a new result about the tame part of ?1 of an affine curve.
I would like to thank Robert Guralnick for his help with this project
and in particular for his group theory expertise. Also, I am indebted to
Irene Bouw and Sho ichi Nakajima for conversations regarding Generalized
HasseWitt invariants.
1. CONDITIONS
In this section we will discuss several known conditions regarding whether
or not a finite group G lies in ?A of a curve. We begin by recalling what
happens over the field of complex numbers, where ?A is well understood.
Then we go on to discuss three necessary conditions for a group G to lie
in ?A of any projective curve of genus g in positive characteristic.
We define a cover of a curve X to be a scheme Y together with a
morphism Y  X which is finite and generically separable. If the cover is
e tale and if G/Aut(YX ) is a finite group acting simply transitively on a
geometric fibre, then Y  X together with this action is called a G-Galois
cover.
For curves over the field C of complex numbers, the set ?A is known for
both affine and projective curves. Given a projective complex curve Y of
genus g, let [{1 , {2 , ..., {r] be a finite set of closed points in Y, and let Fg, r
be the group generated by elements a1 , ..., ag , b1 , ..., bg , c1 , ..., cr subject to
the relation > gj=1 [aj , bj] >
r
i=1 ci=1, where [a, b] denotes the commutator
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aba&1b&1. Then the group Fg, r may be identified with the topological
fundamental group of C=Y&[{1 , {2 , ..., {r]. The algebraic fundamental
group ?1(C) is the profinite completion F g, r of the topological fundamental
group, thus taking finite quotients of Fg, r determines ?A(C). Moreover, for
any algebraically closed field of characteristic 0, Grothendieck showed that
the same result holds [Gr1, XIII, Cor. 2.12].
Consider now a projective curve D over an algebraically closed field k of
characteristic p>0. In this case, the fundamental group is known only in
genus 0 and 1, and while the complex affine line is simply connected, the
affine line over k is not. For example, the ArtinSchreier equations (e.g.
yp& y=x) induce non-trivial covers of A1k with Galois group ZpZ.
Other results regarding ?A in characteristic p include the following one by
Grothendieck.
Proposition 1.1. [Gr1, XIII, Cor. 2.12]. Suppose that D is a projective
k-curve of genus g and that [{1 , {2 , ..., {r] are closed points on D. Then a
prime-to-p group G lies in ?A(D&[{1 , {2 , ..., {r]) if and only if G is a finite
quotient of Fg, r .
In the case that r>0 (affine curves), this theorem can be strengthened
to say that G lies in ?A(D&[{1 , {2 , ...{r]) if and only if every prime-to-p
quotient of G lies in ?A of a complex curve of genus g with r punctures. This
strengthening was conjectured by Abhyankar in 1957 and was finally
proven in 1992. The case of g=0 and r=1 is due to [Ra], drawing on
work of Serre [Se2], and the general case was proved by Harbater [Ha2]
using the result of Raynaud.
Interestingly, the Abhyankar conjecture does not extend to the case of
r=0 (projective curves). In fact even when D is an ordinary elliptic curve,
the group (ZpZ)2 does not lie in ?A(D), despite the fact that all its prime-
to-p quotients (namely, the trivial group) do lie in ?A(D). Nevertheless, by
[Gr1, XIII, Cor. 2.12] the forward implication of Abhyankar’s conjecture
does hold for projective k-curves. To see this we go back to affine curves,
but this time we restrict to covers for which the projective completion is
tamely ramified. Obviously, if p does not divide the order of a group G,
then any G-Galois cover is tame. However there are tame covers with
Galois group not of order prime to p. For example, any unramified cover
of a projective curve is trivially tame, and this brings us to our first
necessary condition for a finite group to lie in ?A(D).
Condition I. Let [*1 , *2 , ..., *r] be closed points on a projective curve
Y of genus g over an arbitrary algebraically closed field. Fix a prime p, and
consider the inverse system of finite groups occurring as Galois groups of
Galois covers of Y&[*1 , *2 , ..., *r] such that the ramification index over
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each of the *i ’s is prime to p. In the case that the field has characteristic
p, these are the groups corresponding to tame covers, and the inverse limit
is a quotient of ?1(Y&[*1 , *2 , ..., *r]) denoted by ?t1(Y&[*1 , *2 , ..., *r]).
Over the complex numbers, we will call such covers p-tame, and since
?1(Y&[*1 , *2 , ..., *r])=F g, r , we denote the inverse limit of the p-tame
covers by F p-tameg, r . As above let k be an algebraically closed field of
characteristic p>0.
Proposition 1.2 [Gr1, XIII, Cor. 2.12]. Given a set [{1 , {2 , ..., {r] of
closed points of a projective k-curve D of genus g, the group ?t1(D&
[{1 , {2 , ..., {r]) is a quotient of F p-tameg, r .
As a consequence, we see that ?t1 is a finitely generated profinite group,
and as such it is determined by its finite quotients [FJ, Proposition 15.4].
This is interesting because in general the same set of groups can form
different inverse systems, and hence different inverse limits. In particular,
?A of an affine curve does not determine ?1 . For a projective curve D, we
have ?t1(D)=?1(D), and thus ?A(D) determines ?1(D). However, it turns
out that in order to find ?A we end up considering the structure of the
associated inverse system (cf. Theorem 2.8 below). Moreover, given
Proposition 1.2, if G lies in ?A(D) it is necessary that G is a quotient of F g, 0
(cf. Condition I, below).
Let ?tA(D&[{1 , {2 , ..., {r]) denote the set of isomorphism classes of
continuous quotients of ?t1(D&[{1 , {2 , ..., {r]). Then ?
t
A(D&[{1 , {2 , ..., {r])
contains ?A(D). However, this containment is not as useful as it might
appear because ?tA is known only for (g, r)=(0, 0), (0, 1), (0, 2) and (1, 0).
(Notice that this is despite the fact that we know ?A for r>0.) Moreover,
when r=0, the set ?tA(D)(=?A(D)) depends more than the genus (for
example elliptic curves). Nevertheless, as we will see in Sections 3 and 4,
this connection between the tame and projective case can be helpful.
Condition II. Given a group G lying in ?A(D), we consider next a
condition on G which arises from the HasseWitt invariant. For a finite
group G, let _(G) denote the p-rank of the abelianization of G, and let A
be the maximal elementary abelian p-quotient of G. Then A has rank _(G).
Suppose that G is a finite group, and that there exists a G-Galois cover
X  D. Then X  D factors through an A-Galois cover of D. Let #(D) be
the HasseWitt invariant of D. This is an integer between 0 and the genus
g of D (equal to the p-rank of the Jacobian J(D) of D), and the p-part
abelianization of ?1(D) is isomorphic to Z #Dp [HW]. Thus if G # ?A(D), it
is necessary that _(G)g (cf. Condition (II) below).
Given p-group G of rank g, we have a converse to the above condition
when we consider ?A of a generic curve of genus g. To see this, recall
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that by the Burnside Basis theorem _(G)= g if and only if G8(G) has
p-rank g, where 8(G) is the Frattini subgroup of G. Then since D has
p-cohomological dimension 1 [Gr2, Thm. 5.1 or Cor. 5.2] [PS], it suffices
to show (by [Se3, Chap. I, Sect. 3.4, Prop. 16]) that the elementary abelian
group G8(G) lies in ?A of the generic curve of genus g, but this holds since
the HasseWitt invariant is g. Also, by [Sh] the maximal pro-p-quotient
of ?1(D) is a free profinite p-group.
Condition III. This brings us to a condition by Nakajima concerning
the augmentation ideal. Suppose that there exists a G-Galois cover ,: X  D
over k. In characteristic zero, the existence of the G-Galois cover X  D
implies (by ChevalleyWeil [CW]) that H 0(X, ,*(KD)) is isomorphic to
k (k[G]) g&1 as a k[G]-module (where KD is the canonical divisor on
D). In characteristic p, much less is known about the k[G]-module structure
of H 0(X, ,*(KD)). However, there are some results, and these induce
further conditions on the group G. For example, given a finite group G, let
t(G) denote the number of generators of the augmentation ideal IG=
[_ # G a__ | _ # G a_=0]/k[G] as a k[G]-module.
Proposition 1.3 [Na2, Theorem 4]. If G lies in ?A(D) then there exists
an exact sequence of k[G]-modules
1  H 0(X, ,*(KD))  k[G]g  IG  1.
Corollary 1.4 [Na3, Theorem A]. If G # ?A(D) then t(G) g.
Also, in the case that p does not divide the order of the group, he
recovers the classical ChevalleyWeil result that H 0(X, ,*(KD))$k
(k[G])g&1 [Na2, Corollary].
Notice that all the necessary conditions above all leave room for ?A to
depend on more than just the genus of D. Therefore, it is useful to consider
what groups occur over ‘‘most’’ cures of genus g. More precisely, let ?A(g)
be the set of finite groups G for which there exists a curve D of genus g
such that G lies in ?A(D). Proposition 4.1 of [St] implies that if G lies in
?A(g) then there exists an open dense subset UG of the moduli space Mg
of curves of genus g such that for every point in UG , the group G lies in
?A of the corresponding curve. Now we can summarize the results in this
section as follows.
Necessary conditions. If a finite group G lies in ?A(g) then the
following must all hold:
(I) G is generated by elements a1 , ..., ag , b1 , ..., bg , subject to the
relation > gj=1 [aj , bj]=1 [Prop. 1.2];
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(II) _(G) g [HasseWitt invariant];
(III) t(G) g. [Cor. 1.4]
Notice that, for a prime-to-p group Proposition 1.1 implies that (I) is
also sufficient for G to lie in ?A(g), and for a p-group the comments above
imply that (II) is sufficient. But for groups G that are neither of order
prime-to-p nor a power of p, the above are not known to provide a
condition that is sufficient to imply that G is in ?A of a curve of genus g.
Moreover, it is not immediately clear what the relationships are between
these various conditions.
2. COMPARISONS
There are several easy comparisons to be made between Conditions (I)
and (II). For example, any abelian p-group P with g<_(P)<2g will
satisfy Condition (I) but not (II). And similarly, any prime-to-p group
requiring more than 2g generators will satisfy Condition (II) but not (I).
We can also ask whether there are groups satisfying Conditions (I) and (II)
but which do not lie in ?A(g). The answer is yes (see Proposition 2.5), but
to see this we will use Nakajima’s condition (Condition (III)). For this we
introduce a few basic facts about augmentation ideals.
For any finite group G let t(G) and _(G) be as defined above, and let
d(G) denote the minimal number of generators of G. The following are
classical group theory results, and one can find proofs of them in [Na3,
Section 2].
Proposition 2.1. Let G be any finite group.
(i) Then, t(G)d(G).
(ii) If G is a prime-to-p group, then t(G)=1.
(iii) If G is a p-group, then t(G)=d(G).
Proposition 2.2. Let N be a subgroup of G.
(i) t(N)&1(N : G)(t(G)&1).
(ii) If N is normal in G and H=GN, then t(H)t(G).
First notice that by Proposition 2.1(ii), any prime-to-p group will satisfy
Condition (III) as long as g1. However, Condition (I) will not necessarily
be satisfied. For example, the group (Z( p&1) Z)n where n2g+1 will
satisfy Conditions (II) and (III) but not Condition (I). Thus Conditions
(II) and (III) do not together imply (I). Now we show that if a finite group
satisfies Condition (III) then it must also satisfy Condition (II).
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Proposition 2.3. For a finite group G, _(G)t(G). In particular, if a
group satisfies Condition (III ) then it must also satisfy Condition (II ).
Proof. Let G be any group satisfying Condition III, so t(G) g. Take
A to be the maximal abelian p-quotient. Then G surjects onto A, so by
Proposition 2.2(ii) t(A)t(G). Moreover, A is a p-group, so by Proposi-
tion 2.1(iii) d(A)=t(A). By definition, d(A)=_(G). Thus _(G)t(G). K
Example 2.4. Assume for now that p=char k is not 2 and pick another
prime q such that q{1 and q divides p&1. Then we can realize the cyclic
group C of order q as a subgroup of (ZpZ)* generated by an element
c{1. Now for any positive integer l, let P=(ZpZ)l. Then define Gl to be
the semi-direct product of P with C where C acts on P as a scalar c # (ZpZ)*.
That is, the action is define by xwx&1=cw (written additively) where x is
the generator of C and w # P.
Proposition 2.5. There exists a group satisfying Conditions (I ) and (II )
but not Condition (III ).
Proof. Consider the group Gl from Example 2.4 in the case that l=2g&2
and p is the characteristic of the field k. Consider the free k[G]-module S
of rank 1 where P acts trivially and x (the generator of C) acts via the
character corresponding to the q th root of 1 determined by the action of
C on P. Then a computation shows that dimk(Der(G, S))=l+1. Since
dimk(Der(G, S))t(G) [We, la. 6.4.4], we get that t(G)l+1=2g&1>g
if g>1. Thus G2g&2 does not satisfy Condition (III) if g>1.
Let v1 , ..., vg&1, w1 , ..., wg&1 be a ZpZ-basis for P. Then we define
generators for G2g&2 in the following way: For i=1, 2, ..., g&1 let ai=xvi ,
and let bi=wi , thus [ai , bi] # P. Let ag=x. Now for any w # P, we have
that xwx&1=cw (written additively), so [x, w]=(c&1)w. Since q{1, we
get c{1, so (c&1) # (ZpZ)* with inverse d. Thus given any u in P, taking
v=du we get that [x, v]=u. Now this allows us to pick bg # V with
[x, bg]&1=[a1 , b1] } } } [ag&1, bg&1]. Thus G2g&2 satisfies Condition (I).
Moreover, C is the abelianization of Gl so G2g&2 satisfies Condition (II).
K
Remark. If we examine the proof, it shows that in fact Gg satisfies (I)
and (II), but not (III). Notice then that Gg&1 does satisfy (III), and by [St,
Proposition 3.5] it does lie in ?A(g). This leads us to consider in Section 3
what effect Condition (III) has on the groups in the family 1 of finite
groups with normal Sylow p-subgroup.
However, the original question remains: Whether Condition (III) rules
out some groups not ruled out by (I) and (II). Or alternatively whether
there exists a family of groups for which Conditions (I) and (II) imply
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Condition (III). This is because it may be possible to use (I) and (II) in
conjunction to rule out groups. Then the issue is whether there are groups
that are ruled out by (III) which cannot be ruled out in this more general
manner by (I) and (II). For example, consider finite groups G with a
normal p-subgroup P and a prime-to-p quotient H. That is, groups G that
fit into a short exact sequence
0  P  G  H  0 (1)
where P is a p-group and H is a prime-to-p group (i.e. extensions of a
prime-to-p group by a p-group). Since P is a normal subgroup of G,
any G-Galois cover X  D, must dominate some H-Galois cover C  D.
Moreover, because H is prime-to-p, Proposition 1.1 tells us exactly when H
will occur over D. So, suppose that there exists an H-Galois cover C  D
where the genus of D is g. It may be that G has no p-quotients, and so is
not directly ruled out by Condition (II). Nevertheless, if the p-rank of P is
greater than the genus g(C) of C, then Condition (II) applied to P implies
that no P-cover of C exists, and so, the G-cover of D does not exists. Thus
G # ?A(g) implies that:
(i) H satisfies (I), and
(ii) the minimal number of generators of P is at most g(C)=
|H| (g&1)+1.
Example 2.6. Consider the group Gg from Example 2.4. It fits the
situation described above if we let H be isomorphic to C. Since in this case
H is generated by one element, Proposition 1.1 implies that it lies in ?A(g),
and the H-cover will have genus g(C)=q(g&1)+1. Notice that gq(g&1)
+1, so the _(P)= g is less than the genus of the H-cover. Thus, while G
is ruled out by Condition (III), it is not ruled out by the more subtle
application of (I) and (II) above. The next lemma shows that in general,
if (I) and (II) rule out a group in this manner then so does (III).
Lemma 2.7. Let G be a group with normal subgroup N. If _(N)>
[G : N](g&1)+1 then t(G)>g.
Proof. For any group A, notice that since the abelianization of A
surjects onto the maximal abelian p-quotient of A, we have _(A)t(A).
Thus _(N)>h=[G : N](g&1)+1 implies t(N)>h. Recall that N is a
subgroup of a group G, so by Proposition 2.2(i) we have
t(N)&1[G : N](t(G)&1).
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Thus
h&1<t(N)&1[G : N](t(G)&1).
Now as h=[G : N](g&1)+1, we have t(G)>g. K
It is still possible that groups could be ruled out by other applications
of (I) and (II). Thus we must consider the whole tower of covers
containing that group.
Take a complex curve Y of genus g. The groups in ?A(Y) form an
inverse system in the following way: If G lies in ?A(Y ) then it corresponds
to an isomorphism class of Galois groups of unramified Galois covers Y.
Let Z  Y be one such cover so that Gal(ZY)&G. If W  Y is another
unramified Galois cover of Y, then we say that Gal(ZY )Gal(WY ) if
and only if Z  Y dominates W  Y. Thus we get a collection, Sg=
[Gal(ZY ) | Z  Y is an unramified Galois cover] together with surjections
#: Gal(ZY )  Gal(WY ) whenever Gal(ZY )Gal(WY ). Moreover, for
any two Galois covers W1  Y and W2  Y there exists a Galois cover
Z  Y which dominates both covers. Thus for any H1 and H2 in Sg , there
exits a Galois group G in Sg such that GHi for i=1, 2. Taking Sg to be
the set together with this partial ordering, it is an inverse system. The
inverse limit of Sg is by definition ?1(Y ).
Again let D be a projective k-curve (i.e. in characteristic p). Then by
Proposition 1.2, the groups in ?A(D) occur in a sub-inverse system of Sg .
We want to show that this sub-inverse system is not determined by
Conditions (I) and (II) alone. Notice first that if a group G # Sg fails to
satisfy Condition (I) (resp. (II)), then any G$G also fails to satisfy (I)
(resp. (II)), and thus does not lie in ?A(D). However, for HG, G failing
to satisfy (I) or (II) has no effect on whether or not H lies in ?A(g). Thus
what we want is the following result.
Theorem 2.8. Let T be the subset of Sg consisting of groups G # Sg such
that: for all HG, if we let gH=|H| (g&1)+1 and N=ker(G  H), we
have that G satisfies (I ) with respect to g, and _(N) gH . Then there exists
a group G lying in T such that G does not lie in ?A(g).
Proof. We begin by remarking that for every pair G, H # Sg such that
GH, we automatically have that G and H satisfy (I) with respect
to g since this requirement exists in characteristic 0 also. Now as in
Example 2.4, let G=Gg be the semi-direct product of P=(ZpZ) g and C
the cyclic group of order q where q{1 divides p&1 and C acts on P as a
scalar c # (ZpZ)* (i.e. xwx&1=cw, written additively). In Proposition 2.5,
we showed that G # Sg . Consider H # Sg with HG and let N be the kernel
70 KATHERINE F. STEVENSON
File: DISTIL 219310 . By:CV . Date:18:02:98 . Time:08:14 LOP8M. V8.B. Page 01:01
Codes: 2727 Signs: 2092 . Length: 45 pic 0 pts, 190 mm
of the surjection from G to H. We have shown that _(N) gH=|H|
(g&1)+1 for H trivial (Proposition 2.5) and for H=C (Example 2.6).
For any other H, the kernel N/G will be normal in P because P is the
unique (proper) maximal normal subgroup of G. Thus, applying Proposi-
tions 2.1 and 2.2 we get _(N)=t(N)[N : P](t(P)&1)+1[N : P]
((q(g&1)+1)&1)+1=|H| (g&1)+1. By Proposition 2.5, we also know
that G does not satisfy (III), and so by Nakajima’s result [Cor. 1.4] it does
not lie in ?A(g). K
Notice that the above theorem shows that the condition of Nakajima
does strengthen the known necessary conditions. Moreover, it implies that
Conditions (I) and (II) do not determine ?A(g) (cf. [Ka]).
3. GALOIS MODULES AND GALOIS GROUPS
In this section we concentrate on finding cases where we can use
Condition (III) to rule out groups. Let 1 be the collection of all finite
groups G with normal Sylow p-subgroup P and quotient GP=H (prime-
to-p). We show that for G # 1, if H is generated by g elements then
Condition (III) is both necessary and sufficient for G to lie in ?A(g). This
leads us to generalizations of the HasseWitt invariants, which impose
further necessary conditions on G # ?A(g). We show that for G # 1, these
imply Nakajima’s condition.
Let G be a finite group in the family 1. Suppose now that C  D is an
H-Galois cover. As we saw in the previous section, the question of whether
G lies in ?A(g) depends on the action of H on P. We can make that more
precise by considering the k[H]-Galois module structures involved. We
first prove a result which relates the augmentation ideal to the lifting of
generators from H to G.
Notation. Let / range over all the irreducible k-characters of H, let V/
denote the corresponding representation, and let n/=dimk V/ . Consider
A=P8(P) where 8(P) is the Frattini subgroup of P (which in this case
is [P, P] Pp). Then A is the maximal elementary abelian group on which




Proposition 3.1. Let G be a group in 1 and let g2 be an integer.
Suppose that d(H) g. Then, the following are equivalent:
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(a) t(G) g
(b) for m/ defined as above,
m/ g if /=1.
m/(g&1) n/ if /{1.
(c) d(G) g.
Proof. To see that (a) is equivalent to (b) we use [Na3, Proposition 5]




where [a] denotes the smallest integer greater than a, and where $/=1 if
/ is the trivial character and 0 otherwise. Clearly, if (b) holds then using
this formula, we have that t(G) g. If (b) does not hold then either m/>g
for /=1 or m/>(g&1) n/ for /{1. In the case of the former, we take
/=1 in the expression [m/n/]+1&$/ to get [m/n/]+1&$/>g. Thus
t(G)>g. A similar argument shows the other case.
To see that (b) and (c) are equivalent we will adapt an argument of
Guralnick [Gu, Lemma 2.1] which lifts generators from H to G. By
SchurZassenhaus it must be the case that G is the semi-direct product of
P with H. Moreover, we may replace G by G8(P), and so assume that
P=A (since 8(P)/8(G) and the latter is the set of ‘‘non-generators’’ of
G). We proceed by induction on the length of the composition series of A.
Suppose first that A is simple, then A is a minimal abelian normal sub-
group of G. By [Gg, Lemma 6.8] d(G)=d(H) if, and only if, |H1(H, A)|<
|A| g&$A, where $A=0 if A is trivial and $A=1 otherwise. Now since H
is prime-to-p, |H1(H, A)|=1. Thus |H1(H, A)|<|A| g&$A since we may
assume that neither A nor H is trivial. Also, in this case m/=1 if / is trivial
and m/=0 otherwise. Thus equivalence is trivial for A simple.
Now suppose that the statement holds for all A with composition series
of length l or less. Let A have composition series of length l+1, and let S
be a simple k[H]-submodule of A. Then by induction, the statement holds
for H =GS and A =AS. Thus it suffices to show that there exist lifts
from H to G if, and only if, (b) holds. The group S is a minimal normal
subgroup of G. Again, by [Gg, Lemma 6.8] d(G)=d(H ) if, and only if,
|H1(H , S)|<|S| g&$S. If S is trivial (i.e. [H, S]=1) then |S|= p and
|H1(H , S)|=|Hom(H, S)|=|Hom(H ([H , H ] H p), S)|= pr where r is the
rank of the Sylow p-subgroup Q of H [H , H ]. Since S is simple and trivial,
QFp k=A [H , A]Fp k=V
m/0&1/0
where /0 is the trivial character. Thus,
r=m/0&1, and |H
1(H , S)|<|S| g if, and only if, m/0 g. If S is non-
trivial, then |H1(H , S)|=qm where q=|EndH(S)| and m is the multiplicity
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of S in A . As S is simple and nontrivial, SFp k=V/ for some /{1,
so qn/=|S| and m=m/&1. Thus, |H1(H , S)|<|S| g&1 if, and only if,
m/(g&1) n/ . K
Remark. Notice that the equivalence of (a) and (b) in the previous
proposition does not require the hypothesis that d(H) g.
Theorem 3.2. Let g2 be a positive integer and let G be a finite group
with normal Sylow p-subgroup P, such that d(GP) g. Then G lies in ?A(g)
if and only if t(G) g.
Proof. By Condition (III) we know the forward implication. For the
converse we use the above results. By Proposition 3.1 t(G) g holds if
and only if G can be generated by g generators. So by [St, Cor. 3.5],
G # ?A(g). K
Now we will use Proposition 3.1 to compare Condition (III) to a
generalization of the HasseWitt invariant. Again suppose that ,: C  D is
an e tale H-Galois cover, and assume the notation above. Let KD be the
canonical divisor of D, then ,*(KD) is in fact the canonical divisor KC on
C. Thus H0(C, ,*(KD)) is just the space H 0(C, KC) of regular differentials
on C. Moreover, as , is an H-Galois cover, H acts on H0(C, ,*(KD)), and
by [Na2, Corollary] we know that H0(C, ,*(KD))$k (k[H]) g&1 as a
k[H]-module.
Let J(C) be the Jacobian of the curve C and let J(C)[ p] be its p-torsion
subgroup. Given a separating variable x in the function field k(C), and
any differential, |= f dx, the Cartier operator is defined by C(|)=
(d p&1fdx p&1)1p dx [Se1, cf. Pa, Def. 2.7]. This operator is 1p-linear
and acts on H0(C, ,*(KD)). By [Se1, Prop. 10] ker(1&C|H 0(C, ,*(KD))) is
isomorphic to J(C)[ p], and the operation C commutes with the H action
on H0(C, ,*(KD)). Moreover the existence of a G-Galois cover X  D
dominating C  D, implies that A=P8(P) is isomorphic to an Fp[H]-
submodule of the Fp[H]-module ker(1&C|H 0(C, ,*(KD))) [Pa, Prop. 2.4,
Prop. 2.5, and proof of Thm. 2.5]. Thus the k[H]-module structure of
AFp k has to ‘‘fit’’ within the k[H]-module structure of H
0(C, ,*(KD)).
Certainly if the minimum number of generators of A is strictly greater than
|H| (g&1)+1 then AFp k will not ‘‘fit’’ into the k[H]-module structure
of H0(C, ,*(KD)). This is because dimk(H0(C, ,*(KD))=|H| (g&1)+1
(by [Na2, Corollary]). Thus we recover Condition (ii) from the previous
section. However, the isomorphism H0(C, ,*(KD))$k (k[H]) g&1 and
the action of H on P give us much more information than just the p-rank.
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More precisely, let l be the order of H, and let Fq be a finite field of q
elements containing the l th roots of unity. For any irreducible character /
of H with values in Fq , consider the idempotent
e/=(/(1)l ) :
_ # H
/(_&1) _ # Fq[H].
Let Z(H) be the set of irreducible characters of H with values in Fq . Then
we have the canonical decomposition
J(C)[ p]Fp Fq= 
/ # Z(G)
J(C)[ p]/
of J(C)[ p]Fp Fq as an Fq[H]-module, where
J(C)[ p]/=e/(J(C)[ p]Fp Fq).
Then we define the generalized HasseWitt invariant #C, / to be the
dimension over Fq of J(C )[ p]/ . By [Pa, Lemma 2.10], this depends only
on the class of / under the action of Frobenius.
We now use a result of Ru ck [Ru ] that allows us to compute the #C, / ’s.
Since the H action commutes with the action of C on H 0(C, ,*(KD)),
we have that Cl acts on H0(C, ,*(KD))/=e/(H0(C, ,*(KD))) for each
irreducible k-character / of H [Ru , Sect. 2, p. 180].
Proposition 3.3 [Ru , Proposition 2.3]. With the notation above,
#C, /=dimFq(ker(1&C
l|H 0(C, ,*(KD))/)).
Now we deduce the following necessary condition for G to lie in ?A(g),
whenever G is the semi-direct product of a p-group with a prime-to-p
group.
Proposition 3.4. Let G be a finite group with normal Sylow p-subgroup
P and quotient GP=H. A necessary condition for G to be a quotient of
?A(g) is that there exists a projective curve D of genus g and an H-Galois
cover C  D such that if / is an irreducible k[H]-character, then m/n/#C, / .
Proof. If G lies in ?A(g), then there exists a G-Galois cover Y  D
where D is a projective k-curve of genus g. Since P and 8(P) are
normal in G, we obtain Galois covers C  D and Z  C with Galois group
H and A, respectively. Moreover, the composition Z  C  D is also
Galois. The idempotent e/ is the canonical projection of a k[H]-module
onto V/ , the isotypical k[H]-submodule corresponding to the irredu-
cible character /. Since Z  D is a Galois cover and A is an elementary
abelian group, A is isomorphic as an Fp[H]-module to a subspace of
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ker(1&C|H0(C, ,*(KD))) [Pa, Prop. 2.4, Prop. 2.5, and proof of Thm. 2.5, cf.
[PS]], and hence AFp k isomorphic as an k[H]-module to a subspace of
ker(1&Cl|H0(C, ,*(KD)))Fq k. Letting (AFp k)/=e/(AFp k), we see that
(AFp k)/=m/V/ is a k[H]-submodule of ker(1&C
l|H0(C, ,*(KD))/)Fq k
where l=|H| [Proposition 3.3]. Now we obtain
m/n/ =dimk(AFp k)/
dimk(ker(1&C
l| H0(C, ,*(KD))/)Fq k)=#C, /
This implies that m/n/#C, / as desired. K
Originally this result was proven in the case where H is abelian. I would
like to thank Amilcar Pacheco for pointing out that this hypothesis was
not necessary. The proposition defines another necessary condition for a
finite group G to lie in ?A(g), which we call Condition IV. Now we show
that the Condition IV implies Condition III for this family of groups.
Proposition 3.5. Let G be a finite group with normal Sylow p-subgroup
P and quotient GP=H. Condition IV implies Condition III. Moreover, if H
is generated by g generators then the conditions are equivalent.
Proof. We preserve the notation above. By hypothesis H is a quotient
of ?1(D) for some projective curve D of genus g, so let C  D be the
corresponding cover. By the RiemannHurwitz formula we have g(C)=
1+|H| (g&1). By Nakajima’s result we have that H0(C, ,*(KD))$
kk[H] g&1 as a k[H]-module. We deduce from this and Proposition 3.3
that
#C, / g if /=1
#C, /(g&1) n2/ if /{1.
By Condition IV m/n/#C, / and therefore part (b) of Proposition 3.1
holds. As this is equivalent to Condition (III) holding in this case (by
Remark following 3.1), we are done.
For the converse in the case that H is generated by g generators, recall
that by Proposition 3.1 Condition III implies that G lies in ?A(g). Thus
Condition IV must be satisfied. K
One possible approach to proving the converse in general is to show that
for the generic curve of genus g, the generalized HasseWitt invariants are
as large as possible (see [PS]). Namely, we must show that
#/= g if /=1
#/=(g&1) n2/ if /{1.
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This is not known in general, although Nakajima did prove such a result
[Na1, Theorem 2] in the case that GP is cyclic. However, for such groups
the above result already gives the converse. One possible approach is to
study moduli spaces of curves of genus g$=|H| (g&1)+1 with H action.
4. SUFFICIENT CONDITIONS AND TAME COVERS
In this section we use formal patching techniques to build G-Galois
covers of projective curves. These are constructed by deforming tamely
ramified G-Galois covers of degenerate curves. From these constructions
and the results in Section 2, we are able to find new examples of groups
which occur as Galois groups of p-tamely ramified covers in characteristic
zero but not as tamely ramified covers in characteristic p.
To begin with, we need some new notation regarding tamely ramified
covers. Pick a compatible set of n th roots of unity ‘n # k for all positive
integers n prime to p. That is, take a set of n th roots of unity so that
‘mnm=‘n for all positive integers n and m. Let {1 , {2 , ..., {s be distinct closed
points on a smooth connected projective k-curve D. Let ?tA(D&[{1 ,
{2 , ..., {s]) be defined as in Section 1 (Condition I). Let Z  D be a tame
cover ramified only over the {i , and let ni be the ramification index of a
point _i over {i for each i. Pick a uniformizer xi at {i on D, and take
zi # O Z, _i to be a uniformizer at _i such that z
ni
i =xi . Then the canonical
generator of the inertia group of _i over {i is the element ci of the inertia
group which takes zi to ‘ni zi (this is independent of the choice of xi and zi).
Now, given G # ?tA(D&[{1 , {2 , ..., {s]) and a corresponding G-Galois cover
Z  D, if for each i there is a point _i in Z over {i whose inertia group has
canonical generator ci , we say that G lies in ?tA(D&[{1 , {2 , ..., {s]) with
description (c1 , c2 , ..., cs). Notice that this description is determined up to
conjugation of the individual ci ’s which corresponds to the choice of each
point _i over each {i . There is a stronger definition of description which is
determined up to uniform conjugacy.
In [St], we prove the following result.
Proposition 4.1 [St, Proposition 5.6]. Let G be a finite group generated
by elements a1 , b1 , a2 , b2 where [a1 , b1][a2 , b2]=1 and p is prime to the
orders of a1 and a2 . Let H0=(a1 , a2 , [a1 , b1]) , and suppose that H0 #
?tA(P
1
k&[:1 , :2 , :3 , :4]) with description
(a1 , b1a&11 b
&1





Then G lies in ?A(2).
Now we get the following corollary.
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Corollary 4.2. Let G be a finite group generated by a1 , b1 , a2 , b2 ,
such that [a1 , b1][a2 , b2]=1; p is prime to the order of a1 and a2 ; and
A=(a1 , a2) is normal in G with Out(A) trivial. Then G lies in ?A(2).






2 are conjugate to a
&1
1
and a&12 by elements in A, and hence [a1 , b1] and [a2 , b2] lie in A. In the
above proposition, let H0=(a1 , a2 , [a1 , b1]) equal A.
For this group A, there exist a tame A-cover of P1 branched at four
points with description (a1 , a&11 , a2 , a
&1
2 ). This is obtained by deforming a
mock cover [Ha1] ramified at four points. Thus since we are using this
weak form of description, it also has description
(a1 , b1a&11 b
&1





So the hypotheses of the above proposition are satisfied, and the conclusion
follows. K
The above ideas have a consequence for understanding ?tA of affine
curves, e.g. of open subsets of the affine line. In particular, consider Example 2.4
which shows that not every group satisfying (I) [Grothendieck’s condition]
and (II) [p-rank condition] will satisfy (III) [Nakajima’s condition]. Take
G=G2 in Example 2.4. By the proof of Proposition 2.5 there are generators
a1 , b1 , a2 , b2 of G with [a1 , b1][a2 , b2]=1, and p is prime to the order
of ord(ai) for i=1, 2. Let H0=(a1 , b1a&11 b
&1




2 ) , then as H0
is a quotient of F0, 4 it exists as a Galois group of a Galois cover of P1C &
[{1 , {2 , {3 , {4] with description (2).
Proposition 4.3. For G as above, let H0=(a1 , b1a&11 b
&1





Then there is no tame cover of P1k&[{1 , {2 , {3 , {4] with Galois group equal
to H0 and description (2).
Proof. Suppose such an H0 cover exists. Then, Proposition 4.2 implies
that G2 is in ?A(2). But, in the proof of Proposition 3.5 we showed that G2
does not lie in ?A(2). This is a contradiction so the result follows. K
This example reveals another aspect of the connections between ?A of
projective curves and ?tA of affine curves. In [St] and in the previous
sections, we use tame techniques to obtain information about the projective
case, and here we do the opposite. Namely, we obtain new results about ?tA
of the projective line minus finitely many points using a result about ?A of
a projective genus 2 curve. There are other examples of p-tame covers of
affine complex curves which do not exist in characteristic p. However, these
depend on location of the branch point and other similar data. The above
is a result which is independent of such data. Moreover, both this result and
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the earlier results in this section can be generalized to allow arbitrarily
genus g (see [HS]).
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